In the article it is considered generation of the down-conversion process, which crucially depends on the phase-matching relations between the interacting waves, in geometry of the transverse excitation of an annular periodically poled nonlinear photonic structure by a fundamental Gaussian beam. It has been investigated the probability and conditions for quasi-phase-matching (QPM) of down-conversion process in annular periodically poled media. Here it is presented in transverse geometry of light propagation, when the fundamental light beam propagates along the axis of the structure; consequently conical beams are formed as a result of the higherorder nonlinear Bragg diffraction. It has been shown strong correlation between the interacting beams polarizations and the type of the nonlinear media for realization of perfect QPM for the process. Besides, it has been calculated the twophoton amplitude of the down-conversion process in the annular nonlinear structure.
INTRODUCTION
It is well established that the efficiency of the second-order and other similar nonlinear processes depends crucially on the phase-matching relations between the interacting waves. It can be achieved by many different ways depending on the geometry of the wave phase matching (e.g., birefringence-induced phase matching or quasi-phase matching (QPM), input light polarization (e.g., Type I or Type II), mutual orientation of the wave vectors of interacting waves (collinear or noncollinear), type of the nonlinear media, etc.) [1] [2] [3] . In all cases before, the corresponding modulated structures have been excited in the direction perpendicular to the poling direction and perpendicular to the walls of the domains.
Recently, a novel geometry based on the annular domain pattern has been suggested theoretically and studied experimentally [1] [2] [3] [4] [5] [6] . It has been shown that the annular geometry enables phase-matched parametric processes with larger acceptance angle, simultaneous frequency conversion into a number of beams propagating at different directions 1, 2, 5 , and generated harmonic beam shaping 4 . Moreover, it has extremely wide phase mismatch tolerance, since a change in the phase matching conditions does not change the power of the converted light, but only changes its propagation direction. The detailed description of the phase-matching of the second harmonic (SH) process has been presented in [1] [2] [3] [4] [5] . The interacting light beams travel with different phase velocities, so intensity fails to build through their propagation path.
The annular second-harmonic interaction geometry in a quadratic nonlinear medium is illustrated in Fig. 1(a) . A nonlinear structure is created by a series of oppositely oriented ferroelectric domains in the form of the concentric rings of the constant width. This structure can be considered as a two-dimensional nonlinear photonic crystal. The annular, periodically poled, nonlinear photonic structure is characterized by a continuous radial symmetry. The function that represents the binary modulation of the nonlinear coefficient can be presented in the following form
where ρ is the transverse radial coordinate,  Λ is the period of the annular modulation.
Its spatial spectrum contains rings located at discrete radii of
, if the Ewald sphere 7, 8 intersects with one of these rings the interaction is phase-matched. The pump beam is directed along the symmetry axis of the structure which coincides with the Z (optical) axis of the crystal. The fundamental wave can propagate in this direction only as an ordinary wave 3 . However, the generated SH waves can be both ordinarily and extraordinarily polarized. This means that, in general, there will be two sets of the SH wave vectors In view of the fact there are many theoretical and experimental investigations of second-harmonic process in the annular system and no any investigations regarding other frequency conversion processes. Spontaneous parametric down-conversion (a nonlinear optical process in which one high energy photon in a laser beam splits into a pair of lower energy photons, called the signal and idler) has for many years been the workhorse for producing a variety of states, with critical implications for applications including quantum computing and metrology. Thus, it has matured decision to analyze down-conversion process in this structure.
REALIZATION OF DOWN-CONVERSION PROCESS IN ANNULAR MEDIA
In this section it is represented the possibility of generation of down-conversion process:
, in annular periodically poled media. Since the input wave is always ordinary polarized 3 the following interactions are possible
. There are two types of down-conversion process:
type-I down-conversion, when two down-converted photons are of the same polarization or of orthogonal polarizationtype-II down-conversion. Firstly, I discuss type-II down-conversion; in this case the group velocities and the angles of the propagation are different for two subharmonic modes (see, Fig.2 ). When the Ewald sphere (phase mismatch circle) intersects with a circle on the Fourier space, the interaction is phasematched 7 , but it is easy to notice from We found out strong correlation between the interacting beams polarizations and the type of the nonlinear media for realization of the parametric down-conversion process. Thus, let us investigate different types of crystals and the possibility of realization type-I down-conversion process in them.
Negative nonlinear crystal.
It is shown above that only type-I down conversion process can be possible in nonlinear periodically poled annular crystals, consequently only following configurations of polarization are possible
Negative nonlinear crystal is defined as follows ( ) ( ) . The phasematching conditions will not be satisfied, as Ewald spheres of pump and subharmonic modes will not cross each other (similar to the case of type-II down-conversion, see Fig. 2 ), thus the down-conversion is impossible in this type of crystals.
Positive nonlinear crystal.
The definition of the positive nonlinear crystal is the following ( ) ( ) According to the Fig.3 we can write the phase-matching conditions for the down-conversion process in the following form
Thus we can conclude that down conversion is realized in annular periodical structures, but only for defined polarizations of the pump and generated harmonics and in case of certain nonlinear crystal.
TWO-PHOTON AMPLITUDE OF DOWN-CONVERSION
We employ a new type two-dimensional nonlinear photonic crystal with an annular periodically poled quasi-phasematching (QPM) structure, it has been demonstrated experimentally that SH waves acquire a conical wave structure so that the corresponding SH rings represent the far field of the Bessel beams generated inside the nonlinear crystal via multiple order nonlinear Bragg diffraction 2 . As we pointed out above the only
is realized in these structures. Because of the orientation of the polarization vector along the z-axis, the subharmonic waves can only be generated non-collinearly with the fundamental wave, along the direction determined by the specific phase-matching conditions 5 . It has been assumed that ordinary linearly polarized light fall on the crystal and radially polarized extraordinary down-converted harmonics came out of the crystal. In difference to the second harmonic generation process, when two linearly polarized beams create one radially polarized mode with frequency equal to the sum of the input beams 1, 5 , the process of down-conversion is more complicated. In this case, one linearly polarized input beam decay into lower energy subharmonics, which are radially polarized.
The amplitude of the three-wave interaction process in the annular structure can be calculated with the following Hamiltonian
Thus the discussed annular crystal has composite structure consisting of alternating layers with different coefficients of nonlinearity, the interaction Hamiltonian (4) can be expressed as the sum of interactions in each layer in terms of the electric fields in each layer 
Here (
where φ is the azimuthal angle and 
where ( ) 
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Here, n χ is the second-order susceptibility in the n-th layer, n k ρ Δ is the radial phase mismatch vector for the n-th layer, R is the total radius of the crystal.
Here, the annular crystal is described as the finite assembly of circles, by the method which is dataиled presented in 10 . It is assumed, that crystal consists of N loops with the widths 0 ρ , moreover it is undertaken that phase matching function is the same in all layers
Thus, it has been calculated the ( ) 2 1 ,φ φ ξ function, taking into account that the outcome subharmonic modes are radially polarized and expressed in form of Bessel functions and using the method described in 10 .The result for effective nonlinear function has the following form ( ) ). Unlike the case of linear structure, the phasematching condition has more complicated form and consists of two terms. Similar to the the case of the second harmonic generation, the down-conversion process in a radially symmetric, periodically poled ( ) 2 χ structure results in the emission of the generated harmonic fields in the form of the radially polarized diffractionless Bessel beams. In contrast to the amplitude of second harmonic generation presented in 5 , the amplitude of down-conversion process involves two Bessel functions. Moreover, in this approach, the annular periodically poled structure was considered as the assembly of definite number of loops. Thus, in this case the calculated amplitude of down-conversion process has very simple shape and depends on parameters characterizing the structure, such as number of domains and width of loops. Thus, it has been calculated the coupling constants for the parametric down-conversion processes and found the QPM conditions for its perfect implementation.
CONCLUSION
Concluding, it has been studied realization of the down-conversion process in nonlinear quadratic crystals with an annular periodic domain structure. It has been deduced the strong correlation between polarization of down-converted harmonics and the type of the nonlinear crystal for realization of the process in the annular periodically poled nonlinear crystal. It has been found the phase-matching conditions for the effective generation of the down-conversion process. Finally, it has been calculated two-photon amplitude of the down-converted photons for the finite annular crystal.
